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Abstract
For a nitely generated graded module M over a polynomial ring R, there is a special system
of its generators associated with a linear lter-regular sequence, which is called a Weierstrass
basis. In this paper, we describe rst properties of Weierstrass bases keeping in mind their
relations with generic Grobner bases and then give a new proof for their existence, in the case
where M is a homogeneous submodule of graded free module over R. c© 2000 Elsevier Science
B.V. All rights reserved.
MSC: Primary 13P10; Secondary 13D02; 13A02
0. Introduction
The aim of this paper is to give another proof of the existence of what we call
a Weierstrass basis of a nitely generated graded module E over a polynomial ring
R=k[x1; : : : ; xr] (see [3]) for the case where E is a homogeneous submodule of a graded
free module. The notion of Weierstrass basis, having its origin in the works of Grauert
[6] and Hironaka [7], was introduced in the paper [3] in order to make it possible to
compare the structures of a homogeneous ideal and a torsion-free graded module related
with each other by a long Bourbaki sequence (see [4]). When E is a homogeneous
ideal in R, it is known that there is a generic Grobner basis with respect to the reverse
lexicographic order which is at the same time a Weierstrass basis (see e.g. [6,7] or
[3, Example 4:1]). Since the argument was carried out in a general setting, this point
was not clear for the case rank E>1 in [3]. Giving a new proof, we will show that
there exists a generic Grobner basis of a homogeneous submodule of arbitrary rank of
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a graded free module which is also a Weierstrass basis, if the term order we consider
is the \term over position" order determined by the reverse lexicographic order on the
monomials of R (see [5, Denition 3:5:2]).
There are two possible ways for proving it. The rst one is to follow the procedure
in [7] after generalizing the main theorem of [8]. In this method, one rst analyze the
structure of the module of generic initials of E completely and then go to the generators
of E. An advantage of this is that the Borel stability of the module of generic initials
can be proved in the process of generalizing the results of [8]. The second one, we
adopt here, is to make use of the elementary theory of modules over the principal
ideal domains repeatedly and directly treat generators cf. [1, Section 1]. Unlike the
rst method, we cannot deduce the Borel stability, but the principal idea lying in our
argument is very simple.
Some may feel interesting the free resolution starting with a Weierstrass basis that
can be computed in a canonical manner. We refer all such readers to [2, Section 3].
1. First properties of Weierstrass bases of homogeneous submodules
In this paper, R := k[y1; : : : ; yr] denotes a polynomial ring in r indeterminates y1; : : : ; yr
over an innite eld k. Let a = (a1; : : : ; as) be a sequence of integers. We will con-
sider homogeneous submodules of the graded free module R(− a):=Lsi=1 R(−ai) over
R. Denote by vi the free base t(0; : : : ; 0;
i‘
1; 0; : : : ; 0)2R(− a) of degree ai for each i =
1; : : : ; s. Let w =
Ps
i=1 fivi be an element of R(− a). We dene the degree of w to be
maxfdeg (fi) + ai j 1 i sg and denote it by deg a(w). If every fi is homogeneous
and there is an integer b such that deg (fi) + ai = b for all i with fi 6= 0, then we
say that w is homogeneous of degree b. Let x1; : : : ; xr be linear forms in y1; : : : ; yr
over k such that R = k[x1; : : : ; xr]. An element of R(− a) of the form fvi (1  i  s)
with a monomial f2R in x1; : : : ; xr will be called a monomial of R(− a) in x1; : : : ; xr .
An element of R(− a) is homogeneous if and only if it is the linear combination of
monomials of the same degree over k.
Given a term order < on the monomials of R in x1; : : : ; xr , we denote by the same
symbol < the term order on the monomials of R(− a) in x1; : : : ; xr such that
fvi <gvj if and only if
f<g or
f = g and i> j
(cf. [5, Denition 3:5:2]). Taking the gradation determined by deg a( ) into account, we
further consider the term order < a on the monomials of R(− a) in x1; : : : ; xr such that
fvi < a gvj if and only if
deg a(fvi)< deg a(gvj) or
deg a(fvi) = deg a(gvj) and fvi <gvj:
The initial term of w2R(− a) with respect to < a (resp. <) will be denoted by in a(w)
(resp. in(w)). We will use exclusively the reverse lexicographic order as the term order
< on R appearing in the construction above.
Let us begin by recalling the denition of Weierstrass basis.
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Denition 1.1. Let E be a homogeneous submodule of R(− a) over R and W=feil j 1 
i  r; 1  l  mig be a set of homogeneous generators of E such that eil 6= 0 for all
i; l. We call W a Weierstrass basis of E with respect to x1; : : : ; xr , when it satises
the following conditions:
E =
rM
i=1
Ehii as k-module with Ehii:=
miM
l=1
k[xi; : : : ; xr]eil (1.1)
and
xi0e
j
l 2 (xi0+1; : : : ; xr)
 mi0M
l=1
k[xi0+1; : : : ; xr]ei
0
l
!M rM
i=i0+1
Ehii
!
for every triple i0; j; l such that 1  i0 <j  r; 1  l  mj; (1.2)
where
Lm
l=1( ) means that the sum
Pm
l=1( ) is direct and we understand
Lm
l=1( ) = 0
if m= 0.
Remark 1.2. In [3, Denition 2:2], the denition of Weierstrass basis is given for an
arbitrary nitely generated graded R-module which may not be torsion-free. Generally,
we need additional elements er+1l (1  l  mr+1) for constructing a Weierstrass basis,
which in fact do not occur when depthm(E)> 0. Since we exclusively treat torsion-free
cases in this paper, the conditions concerning er+1l (1  l  mr+1) are omitted from
the rst in the denition above.
Further, we will make restraints on the members of W for ER(− a) and consider
Weierstrass bases satisfying more conditions.
Denition 1.3. Let E be a homogeneous submodule of R(− a) over R and W=feil j 1 
i  r; 1  l  mig be a set of homogeneous elements of E. Let further < a be the
term order on R(− a) coming from the reverse lexicographic order on R determined by
x1; : : : ; xr . We call W a perfect Weierstrass basis of E with respect to x1; : : : ; xr if it is
a Weierstrass basis with respect to x1; : : : ; xr and satises the following ve conditions:
the coecient of in a(eil) is one for all i; l; (1.3)
in a(e1l )2 k[x1]vj for some j = 1; : : : ; s; (1.4)
in a(eil)2 k[x1; : : : ; xi] xivj for some j = 1; : : : ; s for all i = 2; : : : ; r; (1.5)
rX
i=1
miX
l=1
gil in a(e
i
l) = 0 with g
i
l 2 k[xi; : : : ; xr] (1  i  r; 1  l  mi)
if and only if gil = 0 for all i; l; (1.6)
eil − in a(eil) 62
rX
j=1
mjX
l0=1
k[xj; : : : ; xr] in a(e
j
l0) for all i; l: (1.7)
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We rst describe the relation between perfect Weierstrass bases and Grobner bases.
Lemma 1.4. Let feil j 1  i  r; 1  l  mig be a set of homogeneous elements of
R(− a) satisfying condition (1:6). Then; for each f = Pri=1Pmil=1 gileil with
gil 2 k[xi; : : : ; xr]; we have in a(f) =maxfin(gil) in a(eil) j gil 6= 0; 1  i  r; 1  l  mig.
Proof. It is easy to verify that in a(gile
i
l) = in(g
i
l) in a(e
i
l) for g
i
l 6= 0. If in(gil) in a(eil)−
in(gi
0
l0) in a(e
i0
l0) = 0, then (i; l) = (i
0; l0) or in(gil) = in(g
i0
l0) = 0 by assumption. Hence,
in(gil) in a(e
i
l) 6= in(gi
0
l0) in a(e
i0
l0) for (i; l) 6= (i0; l0); gil 6= 0; gi
0
l0 6= 0. Thus the maximal
one among in(gil) in a(e
i
l) (1  i  r; 1  l  mi) occurs only once in the expanded
expression of
Pr
i=1
Pmi
l=1 g
i
le
i
l, which implies our assertion.
Proposition 1.5. Let E be a homogeneous submodule of R(− a) over R and W a
perfect Weierstrass basis of E with respect to x1; : : : ; xr . Then the members of W
form a Grobner basis of E with respect to the term order < a.
Proof. Immediate by Lemma 1.4.
Remark 1.6. Let E and W be as in the previous proposition. Suppose that the mono-
mial submodule in a(E) :=Rfin a(e) j e2Eg=
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr] in a(e
i
l) is strongly
Borel stable, namely, xi11    xip+1p    xiq−1q    xirr vj 2 in a(E) for every monomial
xi11    xipp    xiqq    xirr vj 2 in a(E) with p<q; iq > 0. Then in a(eil) (1  i  r; 1  l 
mi) form a system of minimal generators of in a(E); so that W is a reduced Grobner
basis of E (cf. [5, Denition 3:5:21]). If in a(E) is not strongly Borel stable, however,
this does not hold in general. For example, assume r=2 and let E be the homogeneous
ideal (x21 ; x
2
2)R. Put m1=1; m2=2; h11=x21 ; h21=x22 ; h22=x1x22. Then W :=fh11; h21; h22g
is a perfect Weierstrass basis of E with respect to x1; x2 but it is not reduced since
in a(h22) = x1 in a(h
2
1).
Next, we show that property (1.2) follows from the other conditions stated in the
denitions of Weierstrass and perfect Weierstrass bases. For this purpose we need:
Lemma 1.7. Let W = feil j 1  i  r; 1  l  mig be a set of homogeneous elements
of R(− a) and A the vector subspace of R(− a) over k generated by the monomials
of R(− a) not contained in the set Pri=1Pmil=1 k[xi; : : : ; xr] in a(eil). Suppose that W
satises (1.7).
(1) If i0 6= i1; 1  l0  mi0 ; and 1  l1  mi1 ; then
k[xi0 ; : : : ; xr] in a(e
i0
l0 ) \ k[xi1 ; : : : ; xr] in a(ei1l1 ) = f0g:
(2) If i0<i0; 1  i0 <j  r; 1  l  mj; and 1  l0  mi0 ; then
xi0 in a(e
j
l) 62 k[xi0 ; : : : ; xr] in a(ei0l0 ):
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(3) If 1  i0<i1  r and 1  l0  mi0 ; then
k[xi0 ; : : : ; xr] in a(e
i0
l0 ) \ k[xi1 ; : : : ; xr]A= f0g:
(4) If 1  i0  r; 1  l0  mi0 ; and 1  l00  mi0 ; then
k[xi0 ; : : : ; xr] xi0 in a(ei
0
l0) \ k[xi0+1; : : : ; xr] in a(ei
0
l00) = f0g:
(5) If 1  i0 <j  r; 1  l0  mi0 ; and 1  l  mj; then
xi0 in a(e
j
l) 62 k[xi0 ; : : : ; xr]xi0 in a(ei
0
l0):
(6) If 1  i0  r and 1  l0  mi0 ; then
k[xi0 ; : : : ; xr]xi0 in a(ei
0
l0) \ xi0A= f0g:
Proof. (1) Clear by (1.6).
(2) Suppose to the contrary. Then xi0 in a(e
j
l) = g in a(e
i0
l0 ) for some monomial g2
k[xi0 ; : : : ; xr]. Let in a(e
i0
l0 ) = x
1
1    x
i0
i0 vj^; in a(e
j
l) = x
1
1    xjj vj^0 ; and g = x
i0
i0    xrir . We
must have j^ = j^ 0 and x11    x
i0
i0 = x
1
1    x
i0
i0 x
i0
i0 , since i0<i
0. Hence in a(e
j
l) = x
i0
i0
x
i0+1
i0+1    x
j
j in a(e
i0
l0 ), in contradiction with (1.6).
(3) Suppose to the contrary. Let in a(e
i0
l0 ) = x
1
1    x
i0
i0 vj^. Then, there are monomials
h= x11    xrr vj^ 2A; g= x
i0
i0    xrr , and g0= x
i1
i1    xrr such that g in a(ei0l0 ) = g0h. Since
i0<i1, we see x
1
1    x
i0
i0 x
i0
i0 = x
1
1    x
i0
i0 . Hence h2 k[xi0 ; : : : ; xr]in a(ei0l0 ), in contradic-
tion with the denition of A.
(4) Suppose to the contrary. Then there are monomials g2 k[xi0 ; : : : ; xr] and
g0 2 k[xi0+1; : : : ; xr] such that gxi0 in a(ei0l0)= g0 in a(ei
0
l00) 6= 0. This contradicts (1.6), since
gxi0 6= g0.
(5) Clear by (1.6).
(6) Clear by the denition of A.
Proposition 1.8. Let E be a homogeneous submodule of R(− a) over R and W =
feil j 1  i  r; 1  l  mig be a set of homogeneous elements of E. If W satises
(1:1); (1:3){(1:7); then
xi0e
j
l 2 (xj; : : : ; xr)
 mi0M
l=1
k[xi0+1; : : : ; xr]ei
0
l
!
L
(xj; : : : ; xr)
 j−1M
i=i0+1
Ehii
!L rM
i=j
Ehii
!
for every triple i0; j; l such that 1  i0 <j  r; 1  l  mj: (1.8)
In particular W is a perfect Weierstrass basis of E with respect to x1; : : : ; xr .
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Proof. By (1.1), there are gil0 2 k[xi; : : : ; xr] (1  i  r; 1  l0  mi) satisfying
xi0e
j
l =
rX
i=1
miX
l0=1
gil0e
i
l0 : (1.9)
Since eil(x1; : : : ; xj−1; 0; : : : ; 0) = 0 for all i; j; l with i  max( j; 2) by (1.5), we have
j−1X
i=1
miX
l0=1
gil0(x1; : : : ; xj−1; 0; : : : ; 0)e
i
l0(x1; : : : ; xj−1; 0; : : : ; 0) = 0:
Besides, in a(eil0(x1; : : : ; xj−1; 0; : : : ; 0))=in a(e
i
l0(x1; : : : ; xr)) for i<j.Hence g
i
l0(x1; : : : ; xj−1;
0; : : : ; 0) = 0 for all i< j by (1.6) and Lemma 1.4, which means gil0 2 (xj; : : : ; xr) for
i< j. It remains to show that
gil0 = 0 for all i = 1; : : : ; i
0 − 1; l0 = 1; : : : ; mi (1.10)
and that
gi
0
l0 2 k[xi0+1; : : : ; xr] for all l0 = 1; : : : ; mi0 : (1.11)
Let A be as in Lemma 1.7. By (1.9), we have
i0−1X
i=1
miX
l0=1
gil0e
i
l0 = xi0e
j
l −
rX
i=i0
miX
l0=1
gil0e
i
l0 : (1.12)
If the left-hand side is not zero, then its initial term is in(gi0l0 )in a(e
i0
l0 ) for some i0; l0
with 1 i0<i0; 1 l0mi0 by Lemma 1.4. On the other hand, the initial term of the
right-hand side is xi0 in a(e
j
l) or is contained in one of the sets k[xi1 ; : : : ; xr]in a(e
i1
l1 ) (i
0 
i1  r; 1  l1  mi1 ) and k[xi1 ; : : : ; xr]A (i0  i1  r) by (1:3:5). Since in(gi0l0 )
in a(e
i0
l0 ) 6= 0 and in(gi0l0 )2 k[xi0 ; : : : ; xr], this contradicts (1){(3) of Lemma 1.7. HencePi0−1
i=1
Pmi
l0=1 g
i
l0e
i
l0 = 0, which means (1.11) by (1.6) and Lemma 1.4. Now we have
mi0X
l0=1
fi
0
l0xi0e
i0
l0 = xi0e
j
l −
mi0X
l0=1
f0 i
0
l0e
i0
l0 −
rX
i=i0+1
miX
l0=1
gil0e
i
l0 ; (1.13)
where gi
0
l0 = f
i0
l0xi0 + f
0 i0
l0 with f
i0
l0 2 k[xi0 ; : : : ; xr]; f0 i
0
l0 2 k[xi0+1; : : : ; xr] for each i0; l0.
If the left-hand side is not zero, then its initial term is in(fi
0
l0) xi0 in a(e
i0
l0) for some l
0
with 1 l0mi0 by Lemma 1.4. On the other hand, the initial term of the right-hand
side is xi0 in a(e
j
l ) or is contained in one of the sets k[xi0+1; : : : ; xr]in a(e
i0
l0) (1 l0mi0);
k[xi1 ; : : : ; xr]in a(e
i1
l1 ) (i
0 <i1 r; 1 l1mi1 ); k[xi1 ; : : : ; xr]A (i0 <i1 r), and xi0A by
(1.7). Since in(fi
0
l0)xi0 in a(e
i0
l0) 6= 0 and in(fi
0
l0)2 k[xi0 ; : : : ; xr], this contradicts (1); (3){
(6) of Lemma 1.7. Hence
Pmi0
l0=1 f
i0
l0xi0e
i0
l0=0, from which follows (1.11) again by (1.6)
and Lemma 1.4.
We end this section by showing that the existence of a perfect Weierstrass basis
follows from that of homogeneous generators satisfying fewer conditions.
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Lemma 1.9. Let W = feil j 1 i r; 1 lmig be a set of homogeneous elements
of R(− a) which satises the condition (1:6). Let further A be the vector subspace
of R(− a) over k generated by the monomials of R(− a) not contained in the setPr
i=1
Pmi
l=1 k[xi; : : : ; xr]in a(e
i
l). Then the sum
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr]e
i
l + A is direct as
a vector space over k and coincides with R(− a).
Proof. Suppose
Pr
i=1
Pmi
l=1 g
i
le
i
l+e=0 with g
i
l 2 k[xi; : : : ; xr]; e2A. If gil 6=0 for some
i> l, then −in a(e) = in a(
Pr
i=1
Pmi
l=1 g
i
le
i
l) is dierent from zero and contained
in
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr]in a(e
i
l) by Lemma 1.4. But this is absurd since −in a(e)2A.
Hence the sum
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr]e
i
l + A is direct. On the other hand, the sumPr
i=1
Pmi
l=1 k[xi; : : : ; xr]in a(e
i
l)+A is direct as a vector space over k and coincides with
R(− a) by the hypothesis and the denition of A. Therefore,
dimk [R(− a)]d = dimk
"
rX
i=1
miX
l=1
k[xi; : : : ; xr]in a(eil)
#
d
+ dimk [A]d
= dimk
"
rX
i=1
miX
l=1
k[xi; : : : ; xr]eil
#
d
+ dimk [A]d
for all d2Z. Hence Pri=1Pmil=1 k[xi; : : : ; xr]eil must coincide with R(− a).
Proposition 1.10. Let E be a homogeneous submodule of R(− a) over R; and W=
feil j 1 i r; 1 lmig be a set of homogeneous elements of E satisfying (1:1);
(1:3){(1:6) with respect to x1; : : : ; xr . Then there is a perfect Weierstrass basis W 0 =
fe0l i j 1 i r; 1 lmig of E with respect to x1; : : : ; xr such that in a(e0l i) = in a(eil)
for all i; l.
Proof. Let A be as in the previous lemma. Then R(− a) = E  A as vector space.
For each i = 1; : : : ; r; l = 1; : : : ; mi, let e0l
i (resp. e00l
i) be an element of E (resp. A)
such that in a(eil) = e
0
l
i + e00l
i. Since in a(e0l
i)2Pri=1Pmil=1 k[xi; : : : ; xr]in a(eil) by (1.1)
and Lemma 1.4, it must coincide with in a(eil). Hence W
0 := fe0l i j 1 i r; 1 lmig
satises all conditions (1.3){(1.7) and E0 :=
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr]e
0
l
iE. By the pre-
ceding lemma, we nd that the sum
Pr
i=1
Pmi
l=1 k[xi; : : : ; xr]e
0
l
i + A is direct and that
dimk [E0]d = dimk [E]d for all d2E. Hence condition (1.1) is also satised. Thus W 0
is a perfect Weierstrass basis by Proposition 1.8.
2. Existence of perfect Weierstrass bases
The purpose of this paragraph is to give a proof for the existence of a perfect Weier-
strass basis of a homogeneous submodule of R(− a) in generic form. Our method here
is dierent from those presented in [6,7,2,3]. Let ij (1 i r; 1 j r) be indetermi-
nates over R; K the quotient eld of the polynomial ring k[] := k[ij j 1 i r; 1 j r]
generated over k by these indeterminates, and z1; : : : ; zr linear forms in y1; : : : ; yr over
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K dened by the relations yi=
Pr
j=1 jizj (1 i r). The zi (1 i r) are algebraically
independent over K and K[y1; : : : ; yr] =K[z1; : : : ; zr]. Let RK :=R⊗k K =K[y1; : : : ; yr]
and i :RK (− a)! RK (−ai) be the projection to the ith factor for i=1; : : : ; s. We x a
nontrivial homogeneous submodule E of R(− a) over R and denote by EK the submod-
ule E ⊗k K of RK (− a) over RK . Throughout this section, unless otherwise specied,
the symbol < a denotes the term order on RK (− a), constructed in the same manner as
at the beginning of the previous section, coming from the reverse lexicographic order
on RK with respect to z1; : : : ; zr .
Lemma 2.1. Let  be an invertible r  r matrix with entries in k; 0 = (0ij) :=;
and z01; : : : ; z
0
r linear forms in y1; : : : ; yr such that (z1; : : : ; zr) = (z
0
1; : : : ; z
0
r). If u =
u(; z1; : : : ; zr)2EK ; then u(0; z01; : : : ; z0r) = u(; (z1; : : : ; zr)−1)2EK .
Proof. Let u be an element of EK . Then
u(; z1; : : : ; zr) =
tX
i=1
i()wi((z1; : : : ; zr))
with suitable i()2K and wi(y1; : : : ; yr)2E (1 i t). Substituting z0i and 0ij for zi
and ij respectively in u for all i; j = 1; : : : ; r, we get
u(; (z1; : : : ; zr)−1) =
tX
i=1
i()wi((z1; : : : ; zr)−1())
=
tX
i=1
i()wi((z1; : : : ; zr)):
Hence u(0; z01; : : : ; z
0
r)2EK .
Lemma 2.2. Let q be an integer with 1 q<r; T a subset of f1; : : : ; sg; and u
an element of EK such that l(u) = 0 for all l2T . Suppose there is an integer
l0 2f1; : : : ; sgnT such that a term of the form zi11    ziq−1q−1ziqq ziq+1q+1 (2K;  6= 0) oc-
curs in l0 (u). Then there is an element u
0 2EK satisfying l(u0) = 0 for all l2T
such that a term of the form 0zi11    ziq−1q−1ziq+iq+1q (0 2K; 0 6= 0) occurs in l0 (u0).
Proof. Let  be an invertible matrix with entries in k such that
(z1; : : : ; zr) = (z1; : : : ; zq; zq+1 + zq; zq+2; : : : ; zr)
with 2 k. Then u0 := u(; z1; : : : ; zq; zq+1 + zq; zq+2; : : : ; zr)2EK by Lemma 2.1.
Clearly l(u0)=0 for all l2T . On the other hand, the coecient of zi11    ziq−1q−1ziq+iq+1q in
l(u0) is of the form   +−1()iq+1−1 +()iq+1 +1()iq+1+1+    with : : : −1;
1 : : :2K . Hence for a suciently general  it is dierent from zero, which proves our
assertion.
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Corollary 2.3. Let u be an element of EK and T a subset of f1; : : : ; sg. If u 6= 0 and
l(u) = 0 for all l2T; then there is a u0 2EK satisfying l(u0) = 0 for all l2T such
that u0 6 0 (mod (z2; : : : ; zr)RK (− a)). In particular; EK 6 (z2; : : : ; zr)RK (− a).
Proof. There is an integer l0 2f1; : : : ; sgnT such that l0 (u) 6= 0. Applying Lemma
2.2 repeatedly to u, one obtains an element u0 2EK satisfying l(u0) 6= 0 for all l2T
such that a term of the form 0zi11 (
0 2K; 0 6= 0; i1  0) occurs in l0 (u0). This u0
fullls our requirements. Since E, and hence EK , is nontrivial by our assertion, there
is an element u2EK dierent from zero. Making use of what we have just seen with
T = ;, we get the last assertion.
Lemma 2.4. Let fhil(; z1; : : : ; zr) j 1 i r; 1 lmig be a perfect Weierstrass basis
of EK with respect to z1; : : : ; zr . Then there is a Zariski open subset U GL(r; k) such
that; for all 2U; the elements eil(x1; : : : ; xr) := hil(; x1; : : : ; xr) (1 i r; 1 lmi)
of E obtained by specialization at  =  form a perfect Weierstrass basis of E with
respect to x1; : : : ; xr ; where (y1; : : : ; yr) = (x1; : : : ; xr).
Proof. The same argument as in the proof of [3, Theorem 2:12 (2)] works well.
Theorem 2.5. There exists a perfect Weierstrass basis fhil j 1 i r; 1 lmig of
EK with respect to z1; : : : ; zr .
Proof. Consider rst the case r = 1. Since RK = K[z1] is a principal ideal domain
and since it is enough to work with homogeneous elements, one can nd an inte-
ger t > 0, a subset T = f j1; : : : ; jtg of f1; : : : ; sg, and homogeneous elements h1l =
t(h1l; 1; : : : ; h
1
l; s) (1 l t) of EK such that
EK =
tM
l=1
K[z1]h1l ; (2.1)
h1l; jl = z
1
1 for some l  0; (2.2)
zl1 divides h
1
l; j for all j = 1; : : : ; s; (2.3)
h1l; jl0 = 0 for l
0 = 1; : : : ; l− 1; (2.4)
jl =minfj j deg(h1l; j) = lg (2.5)
and
1 2     t ; (2.6)
where j1; : : : ; jt are dierent from one another but may not be increasing. By (2.2){
(2.5), we see in a(h1l )=z
l
1 vjl for all l=1; : : : ; t. Put m1=t and mi=0 for i=2; : : : ; r. It can
be easily veried that the set fh1l j 1 lm1g satises (1.1), (1.3){(1.6) with respect
to z1. Hence EK has a perfect Weierstrass basis with respect to z1 by Proposition 1.10.
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Next assume r  2. Let R^K :=RK=(z2; : : : ; zr)RK and
E^K :=EK + (z2; : : : ; zr)RK (− a)=(z2; : : : ; zr)RK (− a) R^K (− a):
By Corollary 2.3, we have E^K 6= 0. For the same reason as above, there is an integer
t  0, a subset T=f j1; : : : ; jtgf1; : : : ; sg, and homogeneous elements h^1l=t(h^
1
l;1; : : : ; h^
1
l; s)
(1 l t) of E^K , satisfying
E^K =
tM
l=1
K[z1]h^
1
l ; (2.7)
h^
1
l; jl = z
l
1 for some l  0; (2.8)
zl1 divides h^
1
l; j for all j = 1; : : : ; s; (2.9)
h^
1
l; jl0 = 0 for l
0 = 1; : : : ; l− 1; (2.10)
jl =min f j j deg(h^1l; j) = lg (2.11)
and
1 2     t : (2.12)
For each l= 1; : : : ; t, let h1l be a homogeneous element of EK such that
h^
1
l = h
1
l (mod (z2; : : : ; zr)RK (− a)):
Let further
DK :=

(u1; : : : ; us)2RK (− a)
 the degree of ujl in z1 is less than lfor l= 1; : : : ; t

:
Then
in a(h1l ) = z
l
1 vjl for l= 1; : : : ; t (2.13)
and
RK (− a) =
 
tM
l=1
RKh1l
!
 DK as K[z2; : : : ; zr]-module (2.14)
by Lemma 1.9. In consequence,
EK =
 
tM
l=1
RKh1l
!
 (EK \ DK) as K[z2; : : : ; zr]-module: (2.15)
If EK\DK=0, then put m1=t; mi=0 for i=2; : : : ; r. In this case the set fh1l j 1 lm1g
satises (1.1), (1.3){(1.6) with respect to z1; : : : ; zr , so that EK has a perfect Weierstrass
basis with respect to z1; : : : ; zr by Proposition 1.10.
Now we suppose EK \ DK 6= 0 for the rest of the proof.
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Claim 1. Let T : DK !
Lt
l=1 RK (−ajl) be the linear map over K[z2; : : : ; zr] dened
by setting T (u) =t (j1 (u); j2 (u); : : : ; jt (u)) for u2DK . Then T jDK\EK is injective.
Proof of Claim 1. Let u be an element of EK \DK such that T (u)= 0. Suppose u 6=
0. Then, by Corollary 2.3, there is an element u0 2EK satisfying T (u0) = 0 such that
u^0 := u0 (mod (z2; : : : ; zr)RK (− a)) is dierent from zero. Since u^0 2 E^K ; (j⊗ R^K)(u^0)=0
for all j2T , and u^0 6= 0, we are led to a contradiction by (2.7){(2.10). Hence T
must be injective. This completes the proof of Claim 1.
By the denition of DK , the image  T
l
‘
(EK \ DK) is contained in the free module
over K[z2; : : : ; zr] generated by t(0; : : : ; 0; zi1; 0; : : : ; 0) (1 l t; 0 i< l). Hence the
above claim implies that EK \ DK is nitely generated over K[z2; : : : ; zr]. In particular
there is a positive integer  such that the degree of j(u) in z1 is less than  for all
u2EK \ DK and j = 1; : : : ; s. Let
Q := fzi1vj j j = jl (1 l t) and 0 i< l; or j2f1; : : : ; sgnT and 0 i<g;
and let n(Q) denote the number of the elements of Q. We put indices to the elements
of Q, denoting each element by Z (1  n(Q)) in accordance with the order <
so that Z >Z0 if and only if < 0. Let further b := deg a(Z). We associate with
each element
Pn(Q)
=1 gZ (g 2K[z2; : : : ; zr]) of EK \ DK the element t(g1; : : : ; gn(Q))
of K[z2; : : : ; zr](− b), where b = (b1; : : : ; bn(Q)). This injective map  : EK \ DK !
K[z2; : : : ; zr](− b), is not only degree preserving but also order preserving as regards
< a and < b, where < b denotes the term order on the monomials of K[z2; : : : ; zr](− b)
in z2; : : : ; zr determined by the reverse lexicographic order on K[z2; : : : ; zr] with respect
to z2; : : : ; zr . Let ~ij (2 i r; 2 j r) be indeterminates over RK ; ~K the quotient
eld of the polynomial ring K[ ~] := K[ ~ij j 2 i r; 2 j r] generated over K by
these new indeterminates, and ~z2; : : : ; ~zr linear forms in z2; : : : ; zr over ~K dened by
the relations zi=
Pr
j=2
~ji ~zj (2 i r). Inductively, there is a perfect Weierstrass basis
~W = f ~hil(; ~; ~z2; : : : ; ~zr) j 2 i r; 1 lmig of the ~K[z2; : : : ; zr]-module Im( ) ⊗K ~K
with respect to ~z2; : : : ; ~zr . Apply Lemma 2.4 to ~W . Then, since k is an innite eld,
there is a 2GL(r−1; k) such that ~W := f ~hil(; ; z02; : : : ; z0r) j 2 i r; 1 lmig is a
perfect Weierstrass basis of Im( ) with respect to the linear forms z02; : : : ; z
0
r dened by
the relation (z2; : : : ; zr) = (z02; : : : ; z
0
r). Let h
0i
l (; z1; z
0
2; : : : ; z
0
r) be an element of EK \DK
such that  (h0il ) = ~h
i
l(; ; z
0
2; : : : ; z
0
r) for each i; l. Let further
0 :=

1 0
0 

and hil(; z1; z2; : : : ; zr) := h
0i
l (
0−1; z1; z2; : : : ; zr).
Claim 2. The hil(; z1; z2; : : : ; zr) is contained in EK \ DK for all i = 2; : : : ; r and l =
1; : : : ; mi.
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Claim 3. For each u(; z1; : : : ; zr)2EK \ DK; there is a u0(; z1; z02; : : : ; z0r)2EK \ DK
such that u0(0−1; z1; z2; : : : ; zr) = u(; z1; : : : ; zr).
Proof of Claim 2. Since
~h
i
l(; ~; ~z2; : : : ; ~zr) =
~qX
~i=1
 ~i(; ~) (u ~i)(( ~z2; : : : ; ~zr) ~)
with  ~i(; ~)2 ~K; u ~i = u ~i(; z1; : : : ; zr)2EK \ DK; ~q  0, and since
u ~i(; z1; : : : ; zr) =
qX
j=1
 ~ij()w ~ij((z1; : : : ; zr))
=
n(Q)X
=1
 ~i(; z2; : : : ; zr)Z
with  ~ij()2K; w ~ij(y1; : : : ; yr)2E; q  0;  ~i(; z2; : : : ; zr)2K[z2; : : : ; zr], we have
h0il (; z1; z
0
2 : : : ; z
0
r) =
~qX
~i=1
n(Q)X
=1
 ~i(; ) ~i(; (z
0
2; : : : ; z
0
r))Z
=
~qX
~i=1
n(Q)X
j=1
 ~i(; ) ~ij()w ~ij((z1; (z
0
2; : : : ; z
0
r))):
Hence,
hil(; z1; z2; : : : ; zr) =
~qX
~i=1
qX
=1
 ~i(
0−1; ) ~i(
0−1; (z2; : : : ; zr))Z
=
~qX
~i=1
qX
j=1
 ~i(
0−1; ) ~ij(
0−1)w ~ij((z1; (z2; : : : ; zr))
0−1)
=
~qX
~i=1
qX
j=1
 ~i(
0−1; ) ~ij(
0−1)w ~ij((z1; : : : ; zr))
2 EK \ DK;
which proves Claim 2.
Proof of Claim 3. For a
u(; z1; : : : ; zr) =
qX
j=1
j()wj((z1; : : : ; zr)) =
n(Q)X
=1
(; z2; : : : ; zr)Z 2EK \ DK
with j()2K; wj(y1; : : : ; yr)2E; q  0; (; z2; : : : ; zr)2K[z2; : : : ; zr], let
u0(; z1; z02; : : : ; z
0
r) := u(
0; z1; z02; : : : ; z
0
r):
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Then
u0(; z1; z02; : : : ; z
0
r) =
qX
j=1
j(0)wj((z1; z02; : : : ; z
0
r)
0) =
qX
j=1
j(0)wj((z1; : : : ; zr))
=
n(Q)X
=1
(0; z02; : : : ; z
0
r)Z 2EK \ DK:
Moreover,
u0(0−1; z1; z2; : : : ; zr) = u(0(0−1); z1; z2; : : : ; zr) = u(; z1; : : : ; zr);
which proves Claim 3.
Let m1 := t. Since  is a homomorphism over K[z2; : : : ; zr] = K[z02; : : : ; z
0
r] and
since ~W is a perfect Weierstrass basis of Im( ) with respect to z02; : : : ; z
0
r , the set
fh0il (; z1; z02; : : : ; z0r) j 2 i r; 1 lmig is a perfect Weierstrass basis of the
K[z2; : : : ; zr]-module EK \DK with respect to z02; : : : ; z0r . Moreover hil is obtained just by
substituting 0−1; z2; : : : ; zr for ; z02; : : : ; z
0
r in h
0i
l for each i = 2; : : : ; r and l= 1; : : : ; mi.
We nd therefore by (2.13), (2.15), and Claims 2, 3 that
the coecient of in a(hil) is one for all i; l; (2.16)
EK =
rM
i=1
EhiiK as K-module with E
hii
K :=
miM
l=1
K[zi; : : : ; zr]hil; (2.17)
in a(h1l )2K[z1]vj for some j = 1; : : : ; s; (2.18)
in a(h2l )2K[z1; z2]vj for some j = 1; : : : ; s; (2.19)
in a(hil)2K[z1; : : : ; zi]zivj for some j = 1; : : : ; s for each i = 3; : : : ; r; (2.20)
rX
i=2
miX
l=1
gil in a(h
i
l) = 0 with g
i
l 2K[zi; : : : ; zr] (2 i r; 1 lmi)
if and only if gil = 0 for all i; l: (2.21)
To prove the existence of a perfect Weierstrass basis of EK with respect to z1; : : : ; zr ,
it remains to show by Proposition 1.10 that
in a(h2l )2K[z1; z2]z2vj for some j = 1; : : : ; s; (2.22)
rX
i=1
miX
l=1
gil in a(h
i
l) = 0 with g
i
l 2K[zi; : : : ; zr] (1 i r; 1 lmi)
if and only if gil = 0 for all i; l: (2.23)
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Property (2.23) follows from the denition of DK , (2.13), and (2.21). Suppose
in a(h2l ) 62 K[z1; z2]z2vj for some l = 1; : : : ; m2 and j = 1; : : : ; s. Let h^
2
l =
t(h^
2
l;1; : : : ; h^
2
l; s)
be an element of K[z1](− a) such that h^2l  h2l (mod (z2; : : : ; zr)RK (− a)). Then h^
2
l is
an element of E^K dierent from zero but deg(h^
2
l; j)<l0 for j = jl0 (1 l0 t) and
deg(h^
2
l; j)< for j 62 f1; : : : ; sgnT . This contradicts conditions (2.7){(2.11), whence
follows (2.22).
Remark 2.6. Let x1; : : : ; xr be linear forms in y1; : : : ; yr such that R=k[x1; : : : ; xr] and let
feil j 1 i r; 1 lmig be a perfect Weierstrass basis of E with respect to x1; : : : ; xr .
Then we know by [3, Lemma 2:9] that the free k[xi; : : : ; xr]-module Ehii is determined
uniquely up to isomorphism over k[xi; : : : ; xr] by x1; : : : ; xr for each i=1; : : : ; r. It turns
out, therefore, with the help of the above theorem, Lemma 2.4, [3, Theorem 2:12],
and Proposition 1.5, that the basic sequence of a homogeneous submodule of R(− a)
(see [3, Denition 2:13]), is a sequence consisting of the degrees of the members of
a generic Grobner basis with respect to the term order < a on R(− a) determined by
the reverse lexicographic order on the monomials of R in x1; : : : ; xr .
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